Neutrino mass, mixing and oscillations by Nunokawa, Hiroshi
346 Brazilian Journal of Physics, vol. 30, no. 2, June, 2000
Neutrino Mass, Mixing and Oscillations
Hiroshi Nunokawa
Instituto de Fsica Gleb Wataghin, Universidade Estadual de Campinas { UNICAMP,
13083-970 Campinas, Brazil
E-mail: nunokawa@i.unicamp.br
Received 7 January, 2000
Present data from various neutrino experiments are strongly suggesting the existence of neutrino
mass and avor mixing. We review the present status of neutrino oscillation search and various
neutrino anomalies and their possible interpretations in terms of oscillation induced by neutrino
mass and avor mixing.
I Introduction
Neutrinos have been playing an important role in the
evolution of our understanding of elementary particles
and could have some signicant impact on the evolution
of the universe. We have strong motivations to search
for non-zero neutrino mass both from theoretical and
experimental aspects. Various observational data which
are indicating the existence of neutrino mass and a-
vor mixing are piling up. In fact neutrino physics and
astrophysics have become very active eld now. In the
last decade, many new neutrino experiments have been
performed and various important results were obtained.
Neutrinos are regarded to have spin 1/2, charge
zero, helicity -1 and known to exist in three avors, i.e.,
electron, muon and tau although the direct detection of
tau neutrinos is still in progress [1]. Fourth neutrino, if
exist, must be sterile (or electroweak singlet) in order
to be consistent with the observed Z decay width at
LEP experiment [2]. The combined LEP results give
the number of light (not heavier than the half of Z bo-
son mass) neutrino as,
N = 2:993 0:011: (1)
Various experimental data coming from atmo-
spheric neutrino observations [3-9], solar neutrinos [10-
14], and LSND experiment [15] are strongly suggesting
the existence of neutrino mass and avor mixing. There
is also some cosmological indication of neutrino masses.
It has been discussed [16] that in order to explain the
large scale structures of our universe, certain amount
of hot dark matter with mass in the few eV range is
needed. Massive neutrinos are the most natural candi-
date for such particles.
The organizations of this review is as follows. In
Sec. II we review the formulation of neutrino oscilla-
tion, which is the most powerful tool to search for very
tiny neutrino masses. In Sec. III and IV we review at-
mospheric and solar neutrino observations, respectively.
In Sec. V we review the present status of laboratory
search for neutrino mass and oscillation. In the above
sections III-V, we describe the possible interpretations
as well as constraints from the various observations in
terms of neutrino oscillations in the simplest two a-
vor scheme. In Sec. VI we discuss how the picture we
discussed in Sections III-V could be incorporated into
three or four avor scheme. Sec. VII is devoted for
conclusions and outlook.
II Neutrino Oscillation Formal-
ism
II.1 Neutrino Oscillation in Vacuum
The idea of neutrino oscillation was rst introduced
by Pontecorvo [17] for neutrino and anti-neutrino sys-
tem, similar toK0  K0 oscillation. Oscillation between
dierent avor was rst considered by Maki, Nakagawa
and Sakata [18]. The basic idea is as follows. If neu-
trinos are massive, in general the mass eigenstates and
avor (or weak interaction) eigenstates do not coincide
but they are related by a unitary transformation similar
to the Cabibbo-Kobayashi-Maskawa (CKM) [19] mix-
ing matrix in the quark sector. In the neutrino sec-
tor such mixing matrix is called Maki-Nakagawa-Sakata
(MNS) matrix [18].
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where e,  and 1, 2 are the weak and mass eigen-
states, respectively. If mass of neutrinos are dierent
(m1 6= m2) a non-trivial phase between the two states
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can develop and this can lead to neutrino oscillation
between dierent avors [18].
The oscillation probability can be described as





















where m2  m22  m21 is the mass squared dierence
of the two mass eigenvalues, E is the neutrino energy
and L is the distance neutrino travels. From above eq.























where ( = e; ; ) and i(i = 1; 2; 3) are the weak
and mass eigenstates, respectively and the MNS ma-
trix U can be parametrized in a same way as the CKM
matrix in the quark sector [2],
U =2
4 c12c13 s12c13 s13e iÆ s12c23   c12s23s13eiÆ c12c23   s12s23s13eiÆ s23c13




where cij = cos ij , sij = sin ij and Æ is the CP violat-
ing phase. We note that if neutrinos are of Majorana
type the MNS matrix have more CP phases which can
not be rotated away by the redenitions of the neu-
trino elds. See, e.g., Ref. [20] about the CP phases for
Majorana neutrinos.
In vacuum, the oscillation probability can be writ-
ten as,





























The last term gives rise to possible CP and/or T viola-
tion in the neutrino oscillation [21].
II.2 Neutrino Oscillation in Matter
Here, for simplicity, we consider neutrino oscillation
in matter mainly for the case with two avor.
Evolution equation of neutrino system of e and x

































Here, Ne is the electron number density in matter and
GF is the Fermi constant.
Mixing angle in matter, which diagonalize the










From above equation we see that even if the vacuum
mixing angle is very small, the mixing angle in matter







is satised. If the density is varying along the neu-
trino trajectory and if, at the position where the above












is also satised, electron neutrino can convert com-
pletely into another type (mu or tau) of neutrino. This
phenomena is called the matter enhanced resonant con-
version or the MSW eect [22] and can provide solutions
to the solar neutrino problem [23] (see Sec. IV).
For three avor, as in the case of vacuum (see
eq. (8)) in general, oscillation probability depends on
six parameters, i.e., two independent m2ij , three mix-
ing angles ij and one CP phase Æ. However, if there
is a hierarchy between the mass, and if only one m 
m212( m213 ' m223 ) is relevant for the resonant
conversion in the sun, the probability of nding e after
the resonance P 3ee can be given by [24],
P 3ee (m







Ne!Ne cos2 13 ; (14)
where P 2ee is the corresponding probability for the case
of two avor.
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III Atmospheric neutrino
anomaly
At present the most strong indication of neutrino os-
cillation is coming from the very impressive results ob-
tained by the Super-Kamiokande (SK) experiment on
atmospheric neutrino observation [7, 8, 9].
So called atmospheric neutrinos are mainly pro-
duced by the following decay chain of charged pions
which are produced by primary cosmic ray,
+ ! + + ; + !  + e+ + e (15)
  !   + ;   !  + e  + e: (16)
The avor ratio of the ux, R(=e)  ( + )=(e +
e), which is approximately 2 for lower energy neutrinos
( GeV) and larger for higher energy neutrinos, can be
calculable with an uncertainty about 5 %.
In the Super-Kamiokande detector, atmospheric
neutrino induced events are classied into several types.
If neutrino interactions occur inside the detector, the
events are classied, by energy, into sub-GeV (when
visible energy Evis < 1:33 GeV) or multi-GeV events
(when Evis > 1:33 GeV). They have both e-like and -
like events, which are induced by e (or e) and  (or
), respectively. In sub-GeV and multi-GeV samples,
the observed events are further classied into various
types, single ring events, two ring events (include 0
events), multi-ring events, fully contained (FC) events,
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Figure 1. Angular distributions for e-like (left) and -like
(right) events, for sub-GeV (top) and multi-GeV (bottom)
samples. The bars show the MC no-oscillation prediction
with statistical errors, and the line shows the oscillation
prediction for the best-t parameters, sin2 2 = 1:0 and
m2 = 3:5  10 3 eV2. Taken from Ref. [8].
If neutrino interactions occur not inside the detector
but in the rock below the detector, they are classied as
upward going muons. This can apply only for the events
induced by muon neutrinos since electrons produced by
electron neutrinos would be immediately absorbed by


























Figure 2. Angular distribution of through-going upward
muons, as a function of cos . The circles represent the
data, the solid line represents the normalized no-oscillation
ux prediction, and the dashed line represents the best t
prediction for oscillations. Taken from Ref. [8].




= 0:68 0:02 (stat) 0:05 (syst.) (17)
For the SK multi-GeV sample,
R(=e)data
R(=e)no osc
= 0:68 0:04 (stat) 0:08 (syst.) (18)
The above results are consistent with other atmo-
spheric neutrino experiments IMB [3], Kamiokande [4]
and Soudan2 [5], Macro [6] (except for Frejus [25] and
NUSEX [26] which had the largest errors).
In addition to the signicant overall decit in the
avor ratio, Super-Kamiokande experiment is observ-
ing, clear zenith angle dependent decit of muon neu-
trinos which is strongly implying that muon neutrinos
are oscillating into some other avor of neutrinos.
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The most plausible mechanism of such conversion
is provided by neutrino oscillation between  and 
induced by mass and mixing with m2  10 3   10 2





















Figure 3. Same as in Fig. 2 but for stopping muons. Taken
from Ref. [8].
Figure 4. Allowed region for sin2 2 and m2 using the com-
bined information from FC, PC and upward-going muons.
Taken from Ref. [8].
In Fig. 1 we show the observed zenith angle depen-
dence taken from Ref. [8]. We see that the -like events
of sub-GeV as well as multi-GeV have strong zenith
angle dependence where the MC predictions are rather
symmetric around cos  = 0. In the same graph, the
best tted theoretical predictions with neutrino oscilla-
tion hypothesis  $  are also plotted. We see that
these curves explain the observed data very well. On
the other hand, e-like events do not show any signi-
cant zenith angle distortion with respect to the predic-
tion which implies that there is no signicant oscillation
between e and other neutrino avors.
In Fig. 4 we show the region of parameters which
can explain the observed atmospheric data obtained by
the Super-Kamiokande experiment[7].
We note that from the preliminary data of the angu-
lar dependence of the events with higher energy (multi-
GeV and upward going muons data) and the observed
0 events the Super-Kamiokande collaboration is ex-
cluding    s oscillation hypothesis at 99 % C.L. [9].
IV Solar neutrino problem
The chain of nuclear fusion reactions in the sun results
in net production of one 4He nucleus and two neutrinos
out of four protons as,
4p! + 2e+ + 2e: (19)
The real situation in the sun is, however, a bit more
complicated; it organizes itself as several branches of
nuclear reaction network as described in Table 3.1 of
Ref. [23]. In Fig. 5 we show the solar neutrino spec-
trum expected in the standard solar model [23].
Figure 5. Solar neutrino spectrum. Taken from Ref. [23].
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All the solar neutrino experiments, i.e., Homestake
[10], SAGE [11], GALLEX [12], Kamiokande [13] and
Super-Kamiokande [14] have been observing roughly
only half or less neutrinos compared to the prediction
by the standard solar model (SSM) [23, 27]. In Table
1, we show the observed solar neutrino event rates and
in Table 2, we show the corresponding predictions from
the SSM by Bahcall and Pinsonneault [27].
Figure 6. Contour plot of the 2 values in the 8B   7Be
plane for dierent combinations of the solar neutrino exper-
iments. The solid curves correspond to 1  to 5 , with step
size 1, from inside to outside. We also indicate the 1,2 and
3  theoretical range predicted by BP98, by the solid, dot-
ted and dashed lines, respectively. Along the dashed curve,

7Be = (
8B)10=24, the crosses indicate, from left to right,
the point where the central temperatures are 0.85, 0.9, 0.95,
0.98, 1 and 1.01 with respect to the prediction by the SSM.
Taken from Ref. [29].
Figure 7. Allowed region for sin2 2 and m2 which can
explain the observed solar neutrino data. Taken from
Ref. [31].
Table 1. Observed solar neutrino event rates. The quoted
errors are at 1.
Experiment Data (stat.) (syst.) Ref.







Kamiokande (2:80 0:19  0:33)  106 cm 2s 1[13]
SuperK (2:44  0:05+0:09
 0:06) 10
6 cm 2s 1 [14]
Table 2. Predictions from the reference standard solar








Figure 8. Allowed region for sin2 2 and m2 which can
explain the observed solar neutrino data. Taken from
Ref. [31].
These discrepancies between the observations and
theory is called the solar neutrino problem [23, 28] and
it is very unlikely that one can modify the SSM such
that all the experiments are explained without invoking
any non-standard neutrino properties [29]. In Fig. 6 we
plot the contours of 2 corresponding to 1, 2, ... 5
, assuming that the ux of pp, 7Be and 8B are treated
as a free parameters but only required to be consistent
with the observed luminosity of the sun. We see that
the data indicate vanishing 7Be neutrino ux with half
of SSM 8B neutrino one even if we neglect any one of
the three solar neutrino experiments. This is very dif-




























Figure 9. Allowed region for sin2 2 and m2 which can
explain the observed solar neutrino data by the vacuum os-
cillation. Taken from Ref. [32].
The most plausible solutions to this problem is pro-
vided either by the matter enhanced resonant neutrino
conversion, the MSW eect [22] or by the vacuum os-
cillation [30].
In Fig. 7 we show the MSW allowed region recently
obtained in Ref. [31] using total rates and spectrum in-
formations. In Fig. 8 we show similar plots obtained
in Ref. [31] but using total rates, spectrum, zenith an-
gle as well as seasonal informations. As we can see in
this gure, for the case of active conversion e ! ; ,
there are three separate allowed regions. The one in the
smaller mixing angle region is called small mixing angle
(SMA) MSW solution, The one in the large mixing an-
gle region with larger m2 is called large mixing angle
(LMA) solution and the one in the large mixing angle
region with smaller m2 is called large mixing angle is
often called low-m2 (LOW) solution. We note in case
of sterile conversion, e ! s there is only SMA MSW
solution.
The solar neutrino data can also be explained by
the vacuum oscillation between the sun and the earth.
In Fig. 9 we show the allowed parameter region deter-
mined from (a) total rates (b) SK spectrum and (c)
rates + SK spectrum, assuming vacuum oscillation as
a solution to the solar neutrino problem. In this sce-
nario, the best t occurs when the oscillation length for
neutrino with energy  10 MeV is comparable to the
sun-earth distance.
V Neutrino mass and oscilla-
tion search at laboratory
In this section we review the status of laboratory search
for neutrino mass and oscillation.
V.1 Direct mass measurements
So far, there is no direct evidence of non-zero neu-
trino mass from the laboratory experiments and we only
know that they have much smaller (if non-zero) masses
compared to their charged partners. Upper limits from
direct kinematic neutrino mass measurements are given
as follows [2],
me < 15 eV; (20)
m < 0:17 MeV; (21)
m < 18:2 MeV: (22)
V.2 Double beta decay Results coming from
neutrinoless double beta decay experiment is giving
more stringent upper limit on Majorana neutrino mass.
The current best limit is coming from the Heidelberg-
Moscow experiment on 2 decay of 76Ge [33],
hmei 
X
U2eimi < 0:2  0:6eV; (23)

























Figure 10. LSND 90 % C. L. region in comparison with
other 90 % C. L. exclusion curves in the corresponding
(sin2 2, m2) plane. Taken from Ref. [34].
V.3 LSND signals
LSND collaboration has been observing some posi-
tive signal of neutrino oscillation of  ! e with the
probability P ( ! e)  few 10 3 [15]. This signal
can be accounted for by the neutrino oscillation hypoth-
esis if m2 > 0:1 eV2 and sin2 2 > few 10 3. In
Fig. 10 we show the LSND 90 % C.L. together with
the exclusion curves from CCFR [35], NOMAD [36],
Bugey [37] and KARMEN [38].
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Although the same type of experiment KARMEN
[38] is not observing such positive signal both experi-
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Figure 11. Exclusion plot for the oscillation parameters
based on the absolute comparison of measured vs. ex-
pected positron yields in the Chooz experiment. Taken from
Ref. [41].
V.4 Oscillation search at reactors
So far, several neutrino oscillation search have been
performed by using nuclear reactors [39, 40, 37, 41, 42].
Among them, the most stringent limits on the oscilla-
tion parameters have been obtained by the Chooz ex-
periment [41] which excluded the possibility of having
large oscillation between e and  for atmospheric neu-
trinos. In Fig. 11 we show the exclusion plot of the os-
cillation parameters obtained by the Chooz experiment.
Similar but some what weaker constraints are obtained
from Palo Verde experiment [42].
VI Multi Flavor Interpretations
In this section we discuss how the pictures we reviewed
in terms of two avor oscillation in the previous sec-
tions could be incorporated into the three or four avor
neutrino scheme.
Let us rst summarize below the required values
of mass squared dierences and mixing angle which
are consistent with atmospheric, solar neutrino prob-
lem and LSND signal, when analyzed assuming only
two avor mixing,
Atm : m2atm ' (2  7) 10 3 eV2
sin2 2atm ' 0:82  1:0 (24)
MSW SMA : m2 ' (4  10) 10 6 eV2
sin2 2 ' (0:1  1:0) 10 2 (25)
MSW LMA : m2 ' (2  20) 10 5 eV2
sin2 2 ' 0:6  0:99 (26)
MSW LOW : m2 ' (6  20) 10 8 eV2
sin2 2 ' 0:9  0:99 (27)
VO : m2 ' (0:5  10) 10 10 eV2
sin2 2 ' 0:6  1:0 (28)
LSND : m2LSND ' (0:2  2) eV2
sin2 2LSND ' 10 3   0:04 (29)
VI.1 Three Flavor Schemes
It has been noted that only with three avors, it
is impossible to explain atmospheric neutrino anomaly,
solar neutrino decit and LSND signal simultaneously.
The reason is simply because we need three dierent
values of mass squared dierences or m2 indicated
in eqs. (24)- (29) which can not be realized only with
three avors. Therefore, if we assume that there are
only three neutrinos we must give up to explain one of
the neutrino anomalies.
Neglecting LSND results, if the mixing between the
rst generation and the third generation is zero or
small, sin2 13  1 then we can assign the mixing pa-
rameters required to explain atmospheric as well as so-










sin2 2 = sin
2 212 (31)
where m2ij  m2i  m2j .
It can be shown that for the observations of solar
and atmospheric neutrinos with the mixing parameters
indicated in eqs. (24)-(28), the CP violating phase Æ
does not play any important role and we can simply
neglect it even if 13 is large. If 13 is zero or suf-
ciently small, one can t separately assuming only
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two avors the solar neutrino and atmospheric neutrino
data and the results shown in the previous sections in
terms of two neutrino avor are valid. Observation-
ally, oscillations of atmospheric and solar neutrinos do
not interfere each other because of the mass hierarchy
m2atm  m2 and the fact that  and  equally
contribute to solar neutrino detection at Kamiokande
and Super-Kamiokande. Oscillation between  and 
is irrelevant for solar neutrino observations.
Below let us try to discuss the possible mixing pat-
terns.
(i) Only one large mixing
In order to explain the atmospheric neutrino data,
under the assignments of the parameters in eq. (31), we
assume that 23 and m
2
32 are in the range indicated
in eq. (24). Then atmospheric neutrino data can be ex-
plained by the large vacuum oscillation between  and
 due to large 23. If we further assume that, under
the assignments of the parameters in eq. (31), 21 and
m221 are in the range indicated in eq. (25), then solar
neutrino problem can be explained by the small mixing
angle MSW solution, without aecting the oscillation
interpretation of the atmospheric neutrino between 
and  . In this case 1 is mostly e and has small com-
ponent of  and  and the solar e's are resonantly
converting into 2, which is the mixed state of  and
 , by making use of the mass dierence of 1 and 2














































Figure 12. 3-avor schemes of neutrino masses and mix-
ing. Solutions of the solar neutrino problem is SMA MSW.
Taken from Ref [43].
(ii) Two large mixing
As in the rst case in (i), we assume that 23 and
m232 are in the range indicated in eq. (24) so that
atmospheric neutrino can be explained by the large
vacuum oscillation between  and  . If we further
assume 21 and m
2
21 are in the range indicated in
eq. (26) or (27), then solar neutrino problem can be ex-
plained by the large mixing angle MSW solution, again
without aecting the oscillation interpretation of the
atmospheric neutrino oscillation. If 21 and m
2
21 are
in the range in eq. (28), then the solar neutrino problem
can be explained by the vacuum oscillations. In these
scenarios, e is strongly mixed with  and  but the
oscillation between e and other avor is negligible for
atmospheric neutrinos because of the small values of
m221. These two pictures are graphically shown in
Figs. 13 and 14.
(ii) Large 13?
If 13 is not so small then the simple pictures de-
scribed above must be modied. The relevant values of
the mass and mixing parameters in order to t the at-
mospheric and solar neutrino data could be signicantly
dierent from the ones indicated in eqs. (24)- (28) as
were demonstrated in Ref. [44] for atmospheric neu-
trino and Ref. [45, 32] for solar neutrino observations.
However, we note that 13 can not be so large due to
the constraint from Chooz [41] and Super-Kamiokande
atmospheric neutrino data itself [7], and the pictures














































Figure 13. 3-avor schemes of neutrino masses and mix-
ing. Solutions of the solar neutrino problem is LMA MSW.
Taken from Ref [43].
VI.2 Four Flavor Scheme
If we want to explain also the LSND signal, in addi-
tion to the atmospheric and solar neutrino anomaly, it is
necessary to introduce fourth neutrino, which must be
sterile (electroweak singlet) which can only have much
weaker interactions than usual neutrinos [46]. The cur-
rently most favored picture is as follows.  and 
are strongly mixed so that atmospheric neutrino data
can be explained by the large vacuum oscillations be-
tween them. e is weakly mixed with s (sterile) neu-
trino in such a way that the solar neutrino problem can
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be explained by the small angle MSW solution with
e ! s channel. Further e is weakly mixed with 
with adequate mass squared dierence so that LSND
data can be explained. This scheme can also provide
some amount of hot dark matter which are mainly 
and  . There is also some astrophysical consideration
that this scheme is also consistent with the hypothe-
sis of heavy elements nucleosynthesis in the supernova











































Figure 14. 3-avor schemes of neutrino masses and mixing.




























Figure 15. 4-avor schemes of neutrino masses and mix-
ing. Solutions of the solar neutrino problem is SMA MSW
e ! s conversion. Taken from Ref [48].
VII Conclusions and Outlook
As we have seen that there are several strong indica-
tions of neutrino mass and avor mixing. Although
they are suÆciently strong, neutrino mass and avor
mixing have not yet been really established and there-
fore, must be conrmed by the up coming experiments.
This is important also to exclude the other pos-
sibilities which are not discussed in this review. We
note that there are still another possible explanations
of the neutrino anomalies which do not use the usual
avor mixing. It has been proposed that atmospheric
neutrino observations could be explained by neutrino
decay [49, 50] or avor changing interactions in mat-
ter [51] though scenarios in Refs. [49, 51] have been
criticized and disfavored by the discussion in Ref. [52].
See also Refs. [53, 54, 55, 56] for the scenario with avor
changing interactions. Solar neutrino problem could be
explained by resonant spin-avor precession [57, 58],
avor changing interactions [59, 60] or even by a tiny
violation of equivalence principle [61]. The above pos-
sibilities are not yet excluded and have to be refuted by
the experiments, before the establishment of the neu-
trino mass and avor mixing.
For the purpose of the conrmation (or refutation)
of the oscillation interpretations discussed in this re-
view, several new experiments are planned. To con-
rm the atmospheric neutrino observations, the rst
long-baseline (LBL) neutrino oscillation experiment
K2K [62] with baseline L = 250 km, sending neutrino
beam from KEK to the Super-Kamiokande detector, is
already started to take data and some results will be
reported very soon. There is also another LBL exper-
iment called MINOS [63] with baseline L = 732 km,
from Fermilab to Soudan mine.
For solar neutrinos, new generation experiment,
Sudbury Neutrino Observatory (SNO) solar neutrino
experiment [64] which uses heavy water (deuteron) is
already taking data and will have some results soon.
One of the feature of this experiment is that they can
measure separately the event from the charged current
reaction, d+e ! p+p+e  and the one from the neu-
tral current reaction d + x ! n + p + x (x = e; ; )
so that they can conrm if the active to active neutrino
conversion e ! ; is occurring. See, for e.g., Ref. [65]
for the recent discussion on the potential power of the
SNO experiment.
It is also very important to observe 7Be neutri-
nos to establish neutrino oscillation hypothesis. For
this purpose, several experiments such as BOREX-
INO [66], KamLAND [67] are planned. We also note
that KamLAND can conrm/refute the LMA MSW so-
lution by observing the neutrinos from nearby reactors.
There are also some experiments which can identify the
lower energy neutrinos coming from pp reactions, HEL-
LAZ [68] and HERON [69].
In order to conrm/refute LSND signal, the Mini-
BOONE experiment [70], which can cover completely
the LSND allowed region shown in Fig. 10, will begin
data taking in the year 2002.
We are now denitely entering into new era for neu-
trino physics and in the next decade, various very im-
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portant informations will be obtained.
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